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ABSTRACT. In the present paper it is shown that the Yang-Mills equation can be rep-
resented as the equation of the superposition of the non-linear electromagnetic waves. 
The research of the topological characteristics of this representation allows us to dis-
cuss a number of the important questions of the quantum chromodynamics. 
 
 
1.0.Introduction  
In the paper [1] it is shown that the Dirac electron theory can be represented as the electro-
dynamics of the curvilinear electromagnetic wave. In the present paper we will show that this 
representation allows us to interpret the Yang-Mills equation as the curvilinear electromag-
netic waves superposition. 
1.1.  Electromagnetic forms of quantum equations 
As it is known, there are two mathematical description forms of the Dirac electron equa-
tion: spinor and bispinor. 
The Dirac equations in the spinor form  [2,3] are the following: 
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More often the Dirac equation is described in the bispinor form, entering the function: 
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


=
χ
ϕψ , (1.2) 
called bispinor. 
     2
  
The typical Hermitian-conjugated bispinor Dirac equation forms are [2,3]: 
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αβ  are Dirac's matrices. 
It is  known for a long time [3,4] that the quantum equations can formally be represented as 
the Maxwell equation system. For example, according to [3] the spinor Dirac’s equation sys-
tem becomes the Maxwell equation system, if we put 0=m  and use instead of the ϕ  and χ  
2x1-matrix wave functions, the 3x1-matrix electromagnetic field function: 
 ( ) ( )HiE !! == χϕ , , (1.4) 
and instead of 2x2 spinor Pauli matrices σˆ  we will use the photon 3x3 spin matrices Sˆ
!
.  
1.2. The Dirac and the Yang-Mills equations  
As it follows from the Standard Model theory [5,6] the quark family is analogue to the lep-
ton family and the Yang-Mils equation is the generalisation of the Dirac electron equation. 
The Dirac equation for the electron in the external field can be written in the form [2]: 
 ( ) 0ˆˆˆ 2 =++ ψβψα µµµ cmpp ee  (1.5) 
where 3,2,1,0=µ , { }pcp ˆ,ˆˆ !εµ = , where ∇−== !#!# ipti ˆ,ˆ ∂∂ε  are the operators of energy 
and momentum, respectively; { } µµµ ε Ajpcp eexeexe == ˆ,ˆˆ ! , where Acepe eexeex
!!
== ,ϕε  are the 
electron energy and momentum in the external electromagnetic field; respectively; ( )A!,ϕ  is 
4-potential of the external field; c  is the light velocity, me,−  are the electrical charge and 
mass of the electron correspondingly. 
In Quantum Chromodynamics, which is described by Yang-Mills equation, we have quarks 
instead of electrons, and gluons instead of photons, between which there are the strong inter-
actions instead of the electromagnetic interactions. The Yang-Mills equation for one quark 
may by written [5,6] similarly to (1.5): 
 ( ) 0ˆˆˆ 2 =++ qqqq cmpp ψβψα µµµ , (1.6) 
where iψ  are the quark fields, µµ Gicgpq
!
≡ with a
a
aGG λµµ ∑
=
=
8
12
1!  is the potential of the gluon 
field, qa mg,,λ  are the Gell-Mann matrices, strong charge and quark mass, respectively. 
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1.3. “One quark” theory of hadrons 
Formally we can say [5,6], that hadron is described by two or three Dirac electron equa-
tions of (1.1) type. Thus, conditionally we can name the Dirac electron equation as the “one 
quark” equation. 
But here we need to take into account that the Dirac equation (1.1) is not the free electron 
equation. On the other hand, the equation (1.2) is indeed the equation of the “free” quark. The 
external field terms are used in the QED for the description of the interaction between the 
electron and other particles. The similar terms in the Yang-Mills equation are the internal 
field, describing the quark-quark interaction of the same hadron. 
Further our strategy will be, as far as it is possible, to lead the analogy to the electrodynam-
ics. 
2.0. The electromagnetic representation of “one quark” equation  
2.1. The electron-positron pair production process 
The electron-positron pair production process can be considered as the transformation (dis-
integration) of the massless quantum of an electromagnetic wave γ  into two massive parti-
cles (electron-positron) +− ee , : 
 
−+ +→ eeγ , (2.1) 
Let us try to write this process in the electromagnetic form. 
2.2. The electromagnetic wave equation in the quantum form 
Let us consider the plane electromagnetic wave moving, for example, on y - axis in the 
complex form. In the general case this electromagnetic wave has two polarizations and con-
tains the following field vectors:  
 zxzx HHEE ,,,  )0( == yy HE , (2.2) 
The electromagnetic wave equation has the following view [7]: 
 0222
2
=
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
 ∇−
∂
∂ Fc
t
!!
, (2.3) 
where F
!
 is any of the electromagnetic wave fields, particularly, the fields (2.2). In other 
words this equation represents four equations: one for each wave function of the electromag-
netic field. In the case of the wave, moving along the y - axis, we can write this equation in 
the following form: 
 ( ) 0)(ˆˆ 222 =− yFpc !!ε ,  (2.4) 
The equation (2.4) can also be represented in the form of the Klein-Gordon equation without 
mass: 
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 ( ) ( ) 0ˆˆˆˆ 222 = − ψαεα pco !! , (2.5) 
where ψ  is some matrix, which consists of the four components  of  )(yF
!
. 
In fact, taking into account that ( ) ( ) 2222 ˆˆˆ,ˆˆˆ ppo !!! == αεεα , we see that the equations (2.4) 
and (2.5) are equivalent. Factorising (2.5) and multiplying it from the left on the Hermitian-
conjugate function ψ +  we get: 
 ( ) ( ) 0ˆˆˆˆˆˆˆˆ =+−+ ψαεααεαψ pcpc oo !!!! , (2.6) 
The equation (2.6) may be disintegrated on two Dirac equations without mass: 
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( ) 0ˆˆˆˆ
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=+
=−
+
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αεαψ
pc
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o
o
!!
!!
, (2.7) 
It is not difficult to show that only in the case when we choose the Dirac bispinors in the 
following way:  
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the equations (2.7) are the right Maxwell equations of the electromagnetic waves: retarded and 
advanced. (The same results can be obtained for waves of any other direction by the cyclic 
transposition of the indexes and by the canonical transformation of matrices and wave functions 
[8]). 
Then the question arises: which transformation can turn the equations of the massless elec-
tromagnetic wave (2.7) into the Dirac equations (1.3) of the electron and positron with mass 
terms?  
We will show that it can be made, at least, in two ways: either by using the curvilinear met-
rics, or by using differential geometry. 
2.3. The introduction of the mass term by using of the curvilinear metrics 
The generalization of the Dirac equation on the curvilinear (Riemann) geometry is con-
nected with the parallel transport of the spinor in the curvilinear space [9,10]. We will use the 
most important results of this theory below. 
For the generalization of the Dirac equation on the Riemann geometry it is necessary to re-
place the usual derivative µµ ∂∂ x/≡∂  (where µx  are the co-ordinates in the 4-space) with 
the covariant derivative: 
 µµµ ∂ Γ+=D , (2.9) 
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where 3,2,1,0=µ  are the summing indices and µΓ  is the analogue of Christoffel's symbols 
in the case of the spinor theory, called Ricci connection coefficients. In the theory it shown 
that 00ˆˆˆ pipii ααα µµ +=Γ , where ip  and 0p  are the real values.   
When a spinor moves along the straight line, all the 0=Γµ  and we have a usual derivative. 
But if a spinor moves along the curvilinear trajectory, not all the µΓ  are equal to zero and a 
supplementary term appears. Typically, the last one is not the derivative, but it is equal to the 
product of the spinor itself with some coefficient µΓ . It is not difficult to show that the sup-
plementary term contains a mass. Since, according to the general theory [9], the increment in 
spinor µΓ  has the form and the dimension of the energy-momentum 4-vector, it is logical to 
identify µΓ  with 4-vector of energy-momentum of the photon electromagnetic field:  
 { }pp pc!,εµ =Γ , (2.10) 
where pε  and pp  is the photon energy and momentum (not the operators). Then the equations 
(2.7) in the curvilinear space will have the form: 
 
( ) ( )[ ]
[ ( ) ( ) ] 0ˆˆˆˆˆˆ
0ˆˆˆˆˆˆ
=−−−
=+++
+
ppoo
ppoo
pcpc
pcpc
!!!!
!!!!
αεααεαψ
ψαεααεα
, (2.11) 
According to the energy conservation law we can formally write: 
 2ˆˆˆ cmpc ppo βαεα $!! =± , (2.12) 
Substituting (2.12) in (2.11) we will arrive at the usual kind of two Dirac Hermitian-conjugate 
equations with the mass (1.3) 
Now we consider the electromagnetic representation of the Dirac equation mass term. 
2.4. Electrodynamics form of the “one quark” equation with mass 
Using (2.8) from (1.3) we obtain: 
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where  
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are the imaginary currents, in which 
#
2mc
=ω , and 
mc
rC
#
=  is the Compton length wave of 
the electron. Thus, the equations (2.13) and (2.14) are Maxwell equations with imaginary 
currents, which differ by the directions. (As it is known the existence of the magnetic current 
mj
!
 doesn't contradict to the quantum theory; see the Dirac theory of the magnetic monopole 
[11]). 
Now we will consider the physical origin of the appearance of the current-mass term from the 
differential geometry point of view. 
2.5. Electromagnetic origin of the current-mass term appearance 
Let us show that the current-mass term (2.23) is the additional Maxwell displacement current 
that appears when the initial electromagnetic wave changes its trajectory from the linear to the 
curvilinear. Noting that the Pauli matrices are the generators of the rotation transformations in 
the 2D-space, we can  
suppose that this curvilinear trajectory is plane. 
Let the plane-polarized wave, which has the field vectors ),( zx HE , be twirled with some 
radius Κr  in the plane )',','( YOX  of a fixed co-ordinate system )',',','( OZYX  so that xE  is 
parallel to the plane )',','( YOX  and zH  is perpendicular to it. 
According to Maxwell [7] the displacement current is defined by the equation: 
 j
E
tdis
=
1
4π
∂
∂
!
,  (2.16) 
The above electrical field vector 
!
E , which moves along the curvilinear trajectory (let it have 
direction from the centre), can be written in the form: 
 
! !E E n= − ⋅ ,  (2.17) 
where EE
!
= , and !n  is the normal unit-vector of the curve (having direction to the cen-
tre). The derivative of E
!
 can be represented as: 
 
t
n
En
t
E
t
E
∂
∂
∂
∂
∂
∂ !!
!
−−= , (2.18) 
Here the first term has the same direction as 
!
E . The existence of the second term shows that 
the additional displacement current appears at the twirling of the wave. It is not difficult to show 
that it has direction, tangential to the ring:  
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 τυ∂
∂ !! Κ−= pt
n
, (2.19) 
where 
!
τ  is the tangential unit-vector, cp ≡υ  is the electromagnetic wave 
velocity, 
Κ
=Κ
r
1  is the curvature of the trajectory and Κr  is the curvature radius. Thus, the 
displacement current of the plane wave, moving along the ring, can be written in the form: 
 τω
π∂
∂
π
!!!
⋅+−= Κ Ent
E
jdis 4
1
4
1 , (2.20) 
where Κ≡=
Κ
Κ cr
pυω  we name the curvature angular velocity, 
! !j
E
t
nn =
1
4π
∂
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and 
τ
π
ω
τ
!!
⋅=
Κ Ej
4
 are the normal and tangent components of the current of the twirled electromag-
netic wave, correspondingly. Here the current τ
π
ω
τ
!!
⋅=
Κ Ej
4
 corresponds to the electrical current 
(2.15), if we take into account the fact that the imaginary unit correspondents to the rotation on 
2
π  and Crr =Κ . (Note that it can be shown that when the electromagnetic wave has the circular 
polarization the magnetic current (2.15) also appears, but integrally this current is equal to zero). 
3.0. Electromagnetic representation of Yang-Mills equation 
Obviously, to obtain the Yang-Mills equation we must sum three “one 
quark” equations without mass and “turn on” the self-interactions among 
quarks. 
3.1. Electromagnetic forms of “three quark” equations 
As the Pauli matrices are [12] the generators of the 2D rotation, for the “three quark” elec-
tromagnetic representation we must use the generators of the 3D rotation, which are the 
known photon spin 3x3-matrices Sˆ
!
of the O(3) group [3,12]: 
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As the “three quark” equations for the particle and antiparticle we will use the Dirac equa-
tions (1.1) in the following form: 
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where the left upper index “6” means that these matrices are the 6x6-matrices of the follow-
ing type: 
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Here 1ˆˆ0 =S  and  wave function 
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
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ψ6 is the 6x1 matrix. 
As it is not difficult to test if the above matrices give the right electromagnetic expressions 
of the bilinear form of the theory: of the energy UHE πψαψ 8ˆ 226066 =+=+
!!! , of the 
Poynting vector ψαψ
π
666
8
1 !! +
=PS , and of the 1
st scalar of the electromagnetic field: 
( ) µνµνπψαψ FFHE 42ˆ 226466 =−=+ !! . 
3.2. “Three-quarks” equation without interaction 
From the above follows that the proton equation can be represented by three “one quark” 
equations, i.e. three electron equations or three pairs of the scalar Maxwell equations (one 
pair for each co-ordinate). Obviously, there is a possibility of two directions of rotations of 
each quark (the left and the right quarks). Therefore, the 6+6 scalar equations for proton de-
scription must exist as well as the 6+6 equations for the antiproton description.  
Let us find these equations without interaction, putting the interaction (mass) terms equal 
to zero. Using (3.3) from the equations (3.2) we obtain the Maxwell equation without current: 
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As it is not difficult to see that each pair of the equations a,b,c describes a separate ring; the 
fields vectors of equations (3.4) are rolled up in  the plains XOZ, ZOY, YOX, and similarly the  
fields vectors of the equations (3.5) are rolled  in the plains XOY, YOZ , ZOX. 
3.3. The interaction appearance 
The modern particle theory is also known as the gauge field theory because the interactions 
between the particles are introduced in the field equation via the gauge transformations. It is 
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known [12,13] that this procedure is mathematically equivalent to the field vector transforma-
tions in the curvilinear space, which lead to the covariant derivative appearance.  
It is not difficult to show [12], that the electromagnetic field appears naturally as a conse-
quence of the requirement of the Lagrangian invariance relatively to the gauge transforma-
tions of the local rotations in the internal space of the complex field ψ , when the Lagrangian 
has the symmetry O(2) or U(1). Mathematically this is expressed through the replacement of 
the simple derivatives with the covariant derivatives.  
The generalization of this result on a case of 3D-space is the Yang - Mills field. The ele-
mentary generalization of this symmetry is the non-abelian group SU (2); i.e. the question is 
about the theory of the non-abelian gauge fields. 
We shall consider the rotation of some field vector F
%
 in three-dimensional space around 
some axis on an infinitesimal corner. Here the size ϕ!  is a rotation corner, and the vector 
ϕϕ !! /  sets the direction of the axis of rotation. The transition from the initial position of a 
vector to the final position will be defined by the transformation: 
 FFFF
!!!!!
×−=→ ϕ' , (3.6) 
The problem is, that it is necessary to create independent rotations in various points of 
space. In order to construct correctly the covariant derivative of a field, we should make par-
allel transport of the vectors into the space, instead of on a flat curve, as in the above case of 
spinorial theory. The corresponding analysis [12] allows us to receive an expression similar 
to the expression about the spinor transport on a flat curve. 
It can be shown [12] that the expression  
 ( )Ddx D igM Aa a
ψ ψ ∂ ψµ µ µ µ= = − , (3.7) 
defines a covariant derivative of the field ψ , which is transformed according to some repre-
sentation of a group (here the matrixes M a are the generators of the rotation). It is not diffi-
cult to make sure, that this expression gives the same covariant derivative, as found earlier, 
and can give the mass terms. 
In the following section we will consider the electromagnetic discription of the mass term 
appearance. 
3.4.The electromagnetic description of the interaction appearance 
The spinorial theory shows that the appearance of the internal interaction terms is bounded 
with the three vectors PSHE
!!!
,, , moving along the curvilinear trajectory. These vectors repre-
sent the moving trihedral of the Frenet-Serret [14]. In the general case, when the electromag-
netic wave field vectors of three-quark particles move along the space curvilinear trajectories, 
not only the additional term, defined by the curvature, appears, but also the terms that are 
defined by the torsion of the trajectory.  
Actually, in this case we have: 
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where b
!
is the binormal vector. According to the Frenet-Serret formulas we have: 
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where 
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1  is the torsion of the trajectory and Τr  is the torsion radius.Thus, the displacement 
currents can be written in the form: 
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where Τ≡=
Τ
Τ cr
pυω  we name the torsion angular velocity. 
Thus, we can obtain the following electromagnetic representation of the Yang-Mills equa-
tions:  
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∂
(3.12) 
     11 
where kj  ( 3,2,1=k ) are the currents of each quark:  
 Eij kek
!!
π
ω
4
=  and Hij kmk
!!
π
ω
4
= , (3.13)  
Thus, in the framework of the electromagnetic representation a proton is topologically the 
superposition of the three rings. Therefore, we can suppose that in this representation it has 
the scheme of the trefoil knot (fig. 1): 
     
 
        Fig.1 
 
(see also fig. from [15], where the animation shows a series of gears arranged along a Möbius 
strip trefoil knot as the electric and magnetic field vectors motion). 
 
Discussion 
The above electromagnetic representation of the Yang-Mills equations allows us to discuss 
some particularities of the QCD: 
1. The fractional charge of the quarks: according to the above results the electric field tra-
jectory of the quarks, not only has a curvature, but also torsion; hence, the tangential current, 
generated by the electrical field vector transport, alternates along the space trajectory. Conse-
quently, the electric charge of one knot, as an integral from this current, will be less, than the 
electron charge. But the total charge from all knots can be equal to the charge of the electron.  
2. Quarks confinement: since quarks are three connected knots, they cannot exist in a free 
state. 
3. The masses of the quarks are defined by the rotation frequencies of each knot. It is pos-
sible to show, that the figure, formed from three knots, forms a steady construction only at 
the certain circular frequencies. 
4. Non-linearity of the Yang-Mills equation: obviously, the Yang-Mills equation as the 
non-linear electromagnetic waves superposition is the non-linear equation. 
5. The gluons and photons analogy: according to the topological model of the proton, the 
gluons are the virtual photons, by which the knots interact between themselves. 
A question arises of whether the quantum and the electromagnetic forms belong to the 
same theory or it is a mere coincidence. 
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